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Electromagneticform factor
� De�nition:

(4p0p0
0)h0jj � (0)j� + (p)� � (p0)i = (p � p0)� F� ((p + p0)2)

� F� (t) is analyticalin thecut t-plane,cut from 4m2
� to 1

�

F� (t) = 1 +
r 2

�

6
t + ct2 + dt3 + :::

Squareof thechargeradiusr 2
� measured' 0:43fm2, similar

numbersfrom ALEPH collaboration

� Formfactorin Chiral perturbationtheory(GasserandMeißner,
Colangelo,FinkemeirandUrech,BijnensandTalavera),and
�ts to datagive c = 4:49� 0:28GeV� 4

� Formfactorentersmuon(g � 2) andotherobservables.

� Testchiralperturbationtheoryandmakepredictions.
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Inf ormation on form factors
� t � 0 is known asthespacelike regionwheretheform factoris

real.Severalexperimentsover widekinematicregime.

� t � 4m2
� is thetimelike regionwheretheform factoris

complex.

� Upto inelasticthresholdits phasecorrespondsto the
I = 1; l = 1 � � phaseshift; dominatedby the� up to about
900MeV

� Hasbeenmeasuredin many experiments,in particularby
ALEPH whichwe use.

� Parmetrizationsinspiredby GounarisandSakurai,andKuhn
andSantamaria.
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Spacelikedata — Experiments
� Brown data:pionelectroproductionexperiment,Cambridge

ElectronAccelerator, � 1:20 � t � � 0:18GeV2, C. N. Brown
etal.,PhysicalReview D 8 (1973)92

� Bebekdata:pionelectroproductionreaction,Wilson
SynchrotronLaboratory, � 2:0 � t � � 0:6GeV2, C. J.Bebek
etal.,PhysicalReview D 9 (1974)1229

� Amendioladata:scatteringof 300GeVpionsfrom electron,
NA7 CERNexperiment,� 0:26 � t � � 0:014GeV2, S.J.
Amendoliaetal.,NuclearPhysicsB 277(1986)168

� Tadevosyandata:pionelectroproduction,JeffersonLabF� ,
� 1:6 � t � � 0:6GeV2, V. Tadevosyanetal.,PhysicalReview
D 75(2007)055205
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Observables
� CapriniconsidersQCDobservable:

i
Z

dx eiqxh0jJ y
� (x)J� (0)j0i = (q� q� )�( q2)

� 0(q2) =
1
�

Z 1

0

Im�( t + i� )
(t � q2)2

dt

Uses

Im �( t + i� ) �
1

48�
(1 �

4m2
�

t
)3=2jF� (t)j2� (t � 4m2

� )

� Light mesonform factorsentertheframework

� We will con�ne ourattentionto (g � 2) of muon
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(g � 2) of the muon

(g � 2) of themuon

a� (had) = (m2
� =(4� 2))

Z 1

4m2
�

dtK (t)� (t)=t;

K (t) =
Z 1

0
du(1 � u)u2(1 � um2

� u2t)� 1
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(g � 2) of the muon continued
�

a� (had) � a� (� + � � ) = 1=�
Z 1

4m2
�

dt� (t)jF� (t)j2

�

� (t) = (� 2m2
� =12� )t � 7=2(t � 4m2

� )3=2K (t) � 0

F� (t) = 1 +
r 2

�

6
t + ct2 + dt3 + :::
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Conformal map

(z � 1)
(z + 1)

= i

s
t

4m2
�

� 1

�

Im t

Re t

z(t)

Conformalmap
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De�nitions and conventions
� We follow theconventionsof RainaandSingh:With

f (z) = F� (t); p(z) = � (t),

a� (� + � � ) = 1=(2� )
Z 2�

0
d� w(� )jf (ei� )j2

wherew(� ) = 4m2
� sec2(� =2) tan(� =2)p(ei� ) � 0.

� De�ne theouterfunctionw� (z) suchthat

h(z) = f (z)w� (z) =

f (z) � exp
�
1=(4� )

Z 2�

0
d�

ei� + z
ei� � z

logw(� )
�

� Now

a� (� + � � ) = 1=(2� )
Z 2�

0
d� jh(ei� )j2
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Power seriesand origin of the bound
� Powerseries:h(z) = a0 + a1z + a2z2 + ::: [Fourierserieswith

non-negative powersof ei� .] Guaranteedfor suchfunctions.

� Squareintegrability impliesa� (� + � � ) = ja0j2 + ja1j2 + :::
[Parseval theorem]

� Outerfunctionis known andcanbeexpandedin aseriesin z.

� If the�rst n coef�cients of thepion form factorareknown, a
boundon thequantityof interestaftera �nite numberof terms.

� This is the origin of the bound.
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Boundsstudiedhere
� On theotherhandif theLHS is known andtheseriesis

truncated,produceboundsonunknown coef�cients. We usea
verysafevalueof I = 75� 10� 9. [see,e.g.,F. Jegerlehner,
hep-ph/0703125]

� Stoppingwith a3 canproduceboundsonc;d if wesupplyr � .
Clearly, on theRHSwe will have aquadraticform in c;d.
Saturatingtheboundwith theknown valueof theLHS will
producetheequationof anellipse.

� Notethatsucha procedureshouldbepossiblefor other
observablesO: suchobservablewill have acorresponding
weightfunction� O(t) � 0 on thebranchcut,with whicha
corresponding̀outerfunction' wO(z) maybeconstructed.
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corresponding̀outerfunction' wO(z) maybeconstructed.
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Explicit expressions
�

a0 = h(0) = w� (0);

a1 = h0(0) = w0
� (0) +

2
3

r 2
� t � w� (0);

�

a2 =
h00(0)

2!
=

1
2

�
w� (0)

�
�

8
3

r 2
� t � + 32ct2

�

��

+
1
2

�
2w0

� (0)
�

2
3

r 2
� t �

�
+ w00

� (0)
�

;

a3 =
h000(0)

3!
=

1
6

�
w� (0)

�
12r 2

� t � � 384ct2
� + 384dt3

�

��

+
1
6

�
3w0

� (0)
�

�
8
3

r 2
� t � + 32ct2

�

��

+
1
6

�
2w00

� (0)r 2
� t � + w000

� (0)
�

:
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Impr oving the bounds
� Improvementof theboundarisesif F� is known for some

spacelike valuesof momenta,correspondingto
z = xi ; i = 1; 2; 3; ::: astheouterfunctioncanalsobe
computed.

� Improve theboundby usingimposingconstraintsusing
Lagrangemultipliers.

� Canalsobeimprovedby imposingphaseof theform factorfor
timelike momentin a continuousregion,a � t � b. For
practicalreasons,we choosea = t� = 4m2

� ,
b = tin = 0:8GeV2.
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Lagrangian multiplier method I
� Recallthat

I =
1X

n=0

a2
n

� Introducetwo linearconstraintsof theform

J1 =
1X

n=0

f nan; J2 =
1X

n=0

gnan

(thesumis alwaysover n = 0; 1; :::, unlessotherwise
mentioned)

� Setup theLagrangian

L =
1
2

X
a2

n + � 1(J1 �
X

f nan) + � 2(J2 �
X

gnan)
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Lagrangemultiplier method II
� Lagrangeequations

@L
@cn

= 0; n = 0; 1; :::

yield

an = � 1f n + � 2gn

�

I = � 1

X
f nan + � 2

X
gnan

I min = � 1J1 + � 2J2

J1 = � 1

X
f 2

n + � 2

X
f ngn

J2 = � 1

X
f ngn + � 2

X
g2

n

Eliminate� 1 and� 2 to getI min .
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Lagrangemultiplier method III
� Equivalentwayof obtainingthesolutionis to solve

I min J1 J2

J1
P

f 2
n

P
f ngn

J2
P

f ngn
P

g2
n

= 0

� Couldevenbef 0 = 1 andall otherf i = 0, andg1 = 1 andall
othergi = 0, J1 = a0 andJ2 = a1. In thiscase,theexpression
is simply

I min a0 a1

a0 1 0

a1 0 1

= 0

andI min = a2
0 + a2

1.
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Lagrangemultiplier method IV
� Now freethecoef�cients by includeknowledgeof, form factor

at two spacelike points,x1 andx2: h(x1) = J1 andh(x2) = J2.

� Now f n = xn
1, gn = xn

2, dueto J1 =
P

anx2
1; J2 =

P
anx2

2

[theJi areknown asw� (xi ) andF� (xi (t)) arebothknown.]

X

n

f ngn =
X

n

xn
1xn

2 =
1

x1x2

X

n

f 2
n =

X

n

x2n
1 =

1
x2

1
;
X

n

g2
n =

X

n

x2n
2 =

1
x2

2

�

I min J1 J2

J1 (1 � x2
1)� 1 (1 � x1x2)� 1

J2 (1 � x1x2)� 1 (1 � x2
2)� 1

= 0
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Lagrangemultiplier methodV
� Canbeextendedto arbitrarynumberof suchconstraints,and

mixedconstraints.In ourcase,we wish to retaina0; :::a3 and
wish to introduce1, 2, 3 spacelike constraints.Thecaseof two
spacelike constraintsis:

�

I min a0 a1 a2 a3 J1 J2

a0 1 0 0 0 1 1

a1 0 1 0 0 x1 x2

a2 0 0 1 0 x2
1 x2

2

a3 0 0 0 1 x3
1 x3

2

J1 1 x1 x2
1 x3

1 (1 � x2
1)� 1 (1 � x1x2)� 1

J2 1 x2 x2
2 x3

2 (1 � x2
1)� 1 (1 � x2

2)� 1

= 0
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Lagrangemultiplier methodVI
Equivalentto varyingwith respectto an; n � 4: geta3 � 3
determinantalequationswith Ji ! Ji �

P 3
n=0 anxn

i anddropping
rowsandcolumnscorrespondingto theai , andsuitablymodifying
theJi Jj matrix elements.Let usspellthisoutexplicitly below: the
boundin this caseis

3X

n=0

a2
n + I 0

min

wherethelatteris thesolutionof:

I 0
min J1 �

P 3
n=0 anxn

1 J2 �
P 3

n=0 anxn
2

J1 �
P 3

n=0 anxn
1 x8

1(1 � x2
1)� 1 (x1x2)4(1 � x1x2)� 1

J2 �
P 3

n=0 anxn
2 (x1x2)4(1 � x1x2)� 1 x8

2(1 � x2
2)� 1

= 0
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Data setsusedI
Bebekdata

t(� Q2) [GeV2] F� (t ) x(t ) h(x) � 10� 5

1 -0.620 0.453� 0.014 -0.499 3.057

2 -1.216 0.292� 0.026 -0.606 2.035

3 -1.712 0.246� 0.017 -0.655 1.716

Brown data

t(� Q2) [GeV2] F� (t ) x(t ) h(x) � 10� 5

1 -0.294 0.606� 0.028 -0.372 3.775

2 -0.795 0.380� 0.013 -0.540 2.608
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Data setsII

Tadevosyandata

t(� Q2) [GeV2] F� (t ) x(t ) h(x) � 10� 5

1 -0.600 0.433� 0.017 -0.494 2.915

2 -1.000 0.312� 0.016 -0.576 2.163

3 -1.600 0.233� 0.014 -0.645 1.626

Amendoliadata

t(� Q2) [GeV2] F� (t ) x(t ) h(x) � 10� 5

1 -0.131 0.807� 0.015 -0.242 4.454

2 -0.163 0.750� 0.016 -0.275 4.286

StrongFrontier2009– p.23/48



Results
� We now presentour resultswith spacelike constraints.

� Retainingup to a2 andusing1, 2, 3 spacelike constraints
[detailsin paperof BA andSRpublishedin EuropeanPhysical
Journal]

� Retainingup to a3 andusing1, 2, 3 spacelike constraints;for
smallerjtj valuescannotgoup to 3 constraints

� We show thatchoosingthesmallestjtj valuewith one
constraintgivesthemoststringentresults

� We show thatvaryingtheboundaffectstheresults.

� We show thesensitivity of theresultsto experimental
uncertainties.Smallestjtj, mostsensitive.

� Comparisonwith theresultfrom Caprini.
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Resultsfor c
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Resultsfor 3 constraints
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Resultsfor up to 2 constraints
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Resultswith 1 constraint for various jtj
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Resultsfr om variations of I
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Resultsfr om variation F� within errors
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Comparisonof our resultswith thoseof Caprini
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Conclusionsfor spacelike data section
� Ourconclusionsfor thissectionare:

� Spacelike constraintsnot studiedearlierin thecontext of (c;d).

� We have built themachineryadaptingthatof RainaandSingh
to thiscontext.

� We �nd thattheconstraintsaresigni�cant

� Narrowsdown c quitesigni�cantly to theregion favouredby
chiralperturbationtheory

� In theoverlapregionwith Caprini's timelike studywith � 0 the
chptvalueis accommodated.

� It alsooffersa testof theintegrity of thedatacomingfrom
disparatesources,experimentsandkinematicranges.
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chptvalueis accommodated.
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Timelike data – Intr oduction
� Extendtheanalysisto includetimelike data[phaseonly].

(Timelikephaseandnospacelikeconstraintsdoneby Caprini)

� RecallWatson's theorem:

Arg[F� (t + i� )] = � 1
1(t); t � < t < tin ;

where� 1
1(t) is thetwo pionscatteringphaseshift obtainedfrom

experiment.Dominatedby � at low-energies.

� Phaseconstraintintroducedvia Omnèsfunction
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De�nitions
�

�
1
1(� ) � Arg[F� (r expi� )]

�
1
1(� ) = � 1

1(� ); 0 � � � � in

� � 1
1(� ); 2� � � in � � � 0

�

O(z) = exp[
i
�

Z 2�

0
d�

�
1
1(� )

1 � z exp(i� )
]

W(� ) = ! � (� )O(� ); W(� ) = jW(� )j exp(i �( � ))

This functionis usedto implementtheconstraintstemming
from knowledgeof phaseof theform factor.
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GeneralizedLagrangemultiplier

Introducenow theLagrangian(hereJ = h(z)=
p

I ):

L =
1
2

X

n

c2
n

+
1
�

X

n

cn limr ! 1

Z

�
� (� )jW(� )j[Im[W(� )]� 1r n exp(i� )]d�

+ � (J �
P

n cnzn)
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Map showing regionof integration
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Equations for Lagrangemultipliers I
� Workingout theminimizationconditionsandsimpli�cation,

theresultmaybeexpressedelegantly in termsof two coupled
equationsfor � (� ) and� .

� ThesearethegeneralizedLagrangemultiplier associatedwith
thephase,andLagrangemultiplier associatedwith the
spacelike constraintrespectively, whenthe�rst N coef�cients
areheld�x ed.

� Knowing thenormalizationandr � andgiving aninput for I
yieldstheequationof anellipsefor c; d asbefore
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Equations for Lagrangemultipliers II
�

� (� ) =
NX

n=0

cn

�
sin(n� � �( � )) �

1 � z2

zN +1
� (� )zn

�
+

1
�

Z

�
d� 0� (� 0)

1
2

sin[(N + 1=2)(� � � 0) � �( � ) + �( � 0)]
sin[� � � 0

2 ]
+

1
�

Z

�
d� 0� (� 0)(1 � z2)� (� )� (� 0)d� 0+ J

1 � z2

zN +1
� (� );

� (� ) =
sin[(N + 1)� � �( � )] � z sin[N � � �( � )]

1 + z2 � 2z cos(� )

�

� =
1 � z2

(z2)N +1

"

J �
NX

n=0

+
zN +1

�

Z

�
d� 0� (� 0)� (� 0)

#
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Discussionon equationsand the bound
� Caprini's resultis recoveredwhenthespacelike constraintis

dropped,andourspacelike resultis recoveredwhenthe
timelike constraintis dropped.

� Theexpressionfor theboundreads:

NX

n=0

c2
n +

1
�

NX

n=0

Z

�
d� � (� ) sin[n� � �( � )] + � (J �

NX

n=0

cnzn)

� Thestriking featureof this resultis asthoughthecontribution
of thetimelike resultis independentof thespacelike resultand
viceversa. However, eachhastheknowledgeof theotheras
outlinedearlier.
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Modelling the phase
� Model for phase�a la Caprini

� 1
1(t) = arctan

�
m� � � (t)
m2

� � t

�

m� = 770MeV; � � = 150MeV

andalsoRoy equation�ts for 2 choicesof (a0
0; a2

0)

� We alsousetwo differentparametrizationsfrom theALEPH
collaboration:Kühn-Santamaria(KS) andGounaris-Sakurai
(KS) parametrizationsfor thevectorform factor. [ALEPH: R.
Barateetal.,Zeit. Phys. C76 (1997)15.] KS andGSare
parametrizationsfor theform factorsthatwire in � andtwo
higherresonancesusinga Breit-Wignerform. GS
parametrizationis tailoredto reproducegoodanalytic
properties.Detailsin ourpaperandreferencestherein.
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Results— timelik e phaseand spacelike data
� We begin by showing how puretimelike constraintshrinksthe

ellipse.

� We thenshow theeffectof includinga spacelike constraintand
timelike constraint.Note: The newregionis signi®cantly
smaller than the mere intersectionof spacelike and timelik e
constraints taken separately.

� We show thein�uence of changingthetimelike
parametrization.Theeffect is minimal.

� We show thein�uence of takingspacelike parametrizationat
two differentvaluesof jtj. As in thepurespacelike case,the
onewith smallerjtj providesmorestringentconstraints.

� Providesaconsistency checkon chiralperturbationtheory
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Resultwith pure timelik e constraint fr om a�
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Simultaneousspacelike and timelik e constraints
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In�uence of differ ent parametrizations
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Illustration of in�uence of changingt in
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Variation of spacelike datum location
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Conclusions
� We have built thetoolsrequiredto includespacelike andphase

of timelike constraints.Ourgeneralresultshavebeenchecked
againstthespeci�c resultsfor N = 2 givenby Bourreley and
Caprini.

� We have usedavarietyof inputsfor bothspacelike and
timelike constraints.

� Shown thattheeffect is oneof providing signi�cant constraints
onc, whichnarrowedis down to � [2GeV� 4; 6GeV� 4];
accomodatesthechptvalueof 4:49� 0:28GeV� 4.

� Therangefor d is alsosigni�cantly narroweddown to
[� 14GeV� 6; 56GeV� 6]. If c is con�ned to its chptvalue,then
d � 20� 30GeV� 6.
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ConclusionsII
� Caprinihasananalysisthatusesbothtimelike phaseand

modulusnotbasedon aneffectiveLagrangetechnique.Our
resultsarein essentialagreementwith hers,but give amore
stringentrestrictionon c.

� Effective Lagrangetechniquethataccountsfor timelike phase
andmodulusandspacelike datashouldbedevelopedbasedon
NuclearPhysicsB paperof SinghandRaina[not donehere].
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