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t Ois known asthespacelile region wherethe form factoris
real. Severalexperimentover wide kinematicregime.
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t 4m? is thetimelike region wheretheform factoris
comple.

Upto inelasticthresholdts phasecorrespondso the

| = 1,1 =1 phaseshift, dominatecby the upto about
900MeV

Hasbeenmeasurean mary experimentsjn particularby
ALEPH whichwe use.

Parmetrizationsnspiredby GounarisandSakuraiandKuhn
andSantamaria.
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(g 2)ofthe muon

'\/\/\n.w\/\/\,

(g 2) ofthemuon
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(g 2) ofthemuon

VA 1
a (had) = (m?=(4 2)) dtK (t) (t)=t;
7 : 4m
K({)= du(l u)u’(l um?u?t) !
0)
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(g 2)of the muon continued
yA 1
athad) a(* )=1= dt (t)jF (1)}

4m?2

StrongFrontier2009— p.9/4



Z
a(ad) a(* )=1= dt (t)jF (t)j*

4m?2

(1) = ( “m?=12 )t ?(t 4m?)>2K (t) O

r2
F ()= 1+ St ct® + dt® +
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Conformal map

(z 1) . t
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We follow the corventionsof RainaandSingh: With

f(z) = F (1), p(z) = (1),

ZZ
a(’™ )=142) O d w( )jf (¢ )j?

wherew( ) = 4m? seé( =2)tan( =2)p(¢ ) O.
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StrongFrontier2009—p.12/4



Powerseriesth(z) = ag+ a;z + a,z® + ::: [Fourierserieswith
non-n@ative powersof € .] Guaranteedor suchfunctions.

Squareintegrability impliesa ( * ) = jagj? + jaij* +
[Parseval theorem]

StrongFrontier2009—p.12/4



Powerseriesth(z) = ag+ a;z + a,z® + ::: [Fourierserieswith
non-n@ative powersof € .] Guaranteedor suchfunctions.

Squareintegrability impliesa ( * ) = jagj? + jaij* +
[Parseval theorem]

Outerfunctionis knowvn andcanbe expandedn aseriesn z.

StrongFrontier2009—p.12/4



Powerseriesth(z) = ag+ a;z + a,z® + ::: [Fourierserieswith
non-n@ative powersof € .] Guaranteedor suchfunctions.

Squareintegrability impliesa ( * ) = jagj? + jaij* +
[Parseval theorem]

Outerfunctionis knowvn andcanbe expandedn aseriesn z.

If the rst n coefcients of thepionform factorareknown, a
boundon the quantityof interestaftera nite numberof terms.
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Ontheotherhandif the LHS is known andtheseriess
truncatedproduceboundson unknavn coefcients. We usea
very safevalueof | = 75 10 °. [see,e.q.,F. Jgerlehner
hep-ph/0703125]
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Stoppingwith az canproduceboundsonc;d if we supplyr .
Clearly, onthe RHSwe will have aguadratidorm in c;d.
Saturatinghe boundwith theknown valueof the LHS will
producethe equationof anellipse.

Notethatsucha procedureshouldbe possiblefor other

obsenrablesO: suchobserablewill have acorresponding
weightfunction ©(t) 0onthebranchcut, with whicha
correspondingouterfunction' w®(z) maybe constructed.
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a = h(0) = w (0);
a; = hY0) = w°(0) + %rzt w (0);

StrongFrontier2009—p.14/4
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Improvementof theboundarisesf F is known for some

spacelile valuesof momentagcorrespondingo
Z=X;: 1= 12 3;::: astheouterfunctioncanalsobe

computed.
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Improvementof theboundarisesf F is known for some
spacelile valuesof momentagcorrespondindo

Z=X;: 1= 12 3;::: astheouterfunctioncanalsobe
computed.

Improve the boundby usingimposingconstraintsising
Lagrangemultipliers.

Canalsobeimproved by imposingphaseof the form factorfor
timelike momentin acontinuougegion,a t b For
practicalreasonswechoosea =t = 4m?,

b=t, = 0:8GeV?.
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Lagrangian multiplier method |
Recallthat

X
= &

n=0
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Recallthat

Introducetwo linearconstraintof theform

X X
Ji = frnan; Jo = Onan
n=0 n=0
(thesumis alwaysovern = 0; 1; :::, unlessotherwise
mentioned)

SetupthelLagrangian

1 X X X

L > ac+  1(J1 fran) + 2(Jd2 Onan)
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Lagrangesquations

Q
=0n=01,::
@
yield

a, = 1fn+ 20,
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Lagrangesquations

%: Oon=201:::

yield

a, = 1fn+ 20,

X X
| = 1 fran + 2 On@n

lmin.= 1J1+ 2Jd
mlnX 1vY1 >%2

Ji1= 1 fr?"' 2 fnOn
X X )
Jo= fnOh + 2 On

Eliminate ; and , to getl i .
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Equwvalentway of obtainingthe solutionis to solve

I min Jl JZ
P

Jl fr? fngn =0

~]2 1Engn gﬁ
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Equwvalentway of obtainingthe solutionis to solve

Imin PJl P JZ

Jl fr? fngn =0
P P

~]2 1Engn gn

Couldevenbef, = 1andall otherf; = 0, andg; = 1 andall
otherg = 0,J; = ag andJ, = a;. In thiscasetheexpression
IS simply

Imin d A
ao 1 0 1|=0
dp 0] 1
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Now freethecoefcients by includeknowledgeof, form factor
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Now f, = x!,g, = XJ,duetoJ; = a,x%; Jo = anX3
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Canbeextendedo arbitrarynumberof suchconstraintsand
mixed constraintsln our casewe wishto retainag; :::a3 and
wishto introducel, 2, 3 spacelile constraints.The caseof two
spacelile constraintss:
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Canbeextendedo arbitrarynumberof suchconstraintsand
mixed constraintsln our casewe wishto retainag; :::a3 and
wishto introducel, 2, 3 spacelile constraints.The caseof two
spacelile constraintss:

lmin @ a1 a as J1 Np

a 1 0 0 O 1 1

a O 1 0 O X1 Xo

aa 0 0 1 O X4 X5 =0
as 0 0 0 1 X3 X3

Ji 1 X1 x2 x3 1 xHP (A1 xx) !

J, 1 X x5 x3 (L xt (@ x9) !
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Equwvalentto varyingwith respecto an;Fp 4. geta3 3
determinantaéquationsvith J; ! J; ﬁ:o a, X' anddropping
rows andcolumnscorrespondingdo the a;, andsuitablymodifying
the J;J; matrix elementsLet usspellthis outexplicitly below: the
boundin this cases

>@ 2 0
an + Imin
n=0
wherethelatteris the solutionof:
P P
Fl)rcr)lin J1 1=0 8nX] J2 1=0 8nX3
Ji g anx] x8(1 x3) ! (X1X2)* (L X1Xp) *|=C
F)
J2 oo XD (XaX2)*(1 Xixp) } x5(1 x3) ¢
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Bebekdata

t( Q2)[GeV?] F (1) X (t) h(x) 10 °
-0.620 0.453 0.014 -0.499 3.057
-1.216 0.292 0.026 -0.606 2.035
-1.712 0.246 0.017 -0.655 1.716
Brown data
t( Q2)[GeV?] F (1) X (t) h(x) 10 °
-0.294 0.606 0.028 -0.372 3.775
-0.795 0.380 0.013 -0.540 2.608
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Tadevosyandata

t( Q2)[GeV?] F (t) X (t) h(x) 10 °
1 -0.600 0.433 0.017 -0.494 2.915
-1.000 0.312 0.016 -0.576 2.163
3 -1.600 0.233 0.014 -0.645 1.626

Amendoliadata

t( Q2)[GeV?] F (1) X (t) h(x) 10 °
1 -0.131 0.807 0.015 -0.242 4.454
2 -0.163 0.750 0.016 -0.275 4.286
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We now presenbur resultswith spacelile constraints.
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We now presenbur resultswith spacelile constraints.

Retainingup to a, andusingl, 2, 3 spacelile constraints
[detailsin paperof BA andSR publishedn EuropearPhysical
Journal]

Retainingup to az andusingl, 2, 3 spacelile constraintsfor
smallerjtj valuescannotgo up to 3 constraints

We shav thatchoosinghe smallesitj valuewith one
constrainigivesthe moststringentresults

We shaw thatvaryingthe boundaffectstheresults.

We shawv the sensitvity of theresultsto experimental
uncertaintiesSmallesitj, mostsensitve.

Comparisorwith theresultfrom Caprini.
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Amendiola

I

number of spacelike constraints number of spacelike constraint
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Bebek
— Caprini with phast
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Conclusionsfor spacelike data section

Our conclusiondor this sectionare:
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Our conclusiondor this sectionare:
Spacelile constraintshot studiedearlierin the contect of (c;d).

We have built the machineryadaptinghatof RainaandSingh
to this context.

We nd thattheconstraintsaresigni cant

Narrovs down c quitesigni cantly to theregion favouredby
chiral perturbatiortheory

In the overlapregion with Caprini'stimelike studywith “the
chptvalueis accommodated.

It alsooffersatestof theintegrity of the datacomingfrom
disparatesourcesexperimentsaandkinematicranges.
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Extendthe analysisto includetimelike data[phaseonly].
(Timelike phaseandno spacelile constraintsioneby Caprini)
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RecallWatsons theorem:
ArglF (t+i)]= 1(t);t <t<tp;

where i(t) is thetwo pion scatteringphaseshift obtainedfrom
experiment.Dominatedoy atlow-enepies.
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Extendthe analysisto includetimelike data[phaseonly].
(Timelike phaseandno spacelile constraintsloneby Caprini)

RecallWatsons theorem:
ArglF (t+i)]= 1(t);t <t<tp;

where i(t) is thetwo pion scatteringphaseshift obtainedfrom
experiment.Dominatedoy atlow-enepies.

Phaseconstrainintroducedvia Omnesfunction
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() Arg[F (rexpi )]
()= ()0 .
Ye'yi2 oo 0
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() Arg[F (rexpi )]
()= ()0 .
Ye'yi2 oo 0

Z,

O(2) = exp[i— 0 d 1 zle(xia(i )]

W()=1 ()O0( ), W()=IW()expl( ))

This functionis usedto implementthe constrainistemming
from knowledgeof phaseof the form factor
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Introducenow the Lagrangian(hereJ = h(z):p 1):

1 X
L== ¢

2
1 X 2
= climg 1 OJWQOIMW( )] *r™exp(i )]d

P
+ (J hCnZ")

+

StrongFrontier2009- p.35/4



time-like

space-like

lower-lip
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Working outthe minimizationconditionsandsimpli cation,
theresultmaybe expresseclegantly in termsof two coupled
equationdor ( ) and .
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thephaseandLagrangemultiplier associatedavith the
spacelile constraintrespectrely, whenthe rst N coefcients
areheld x ed.
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Working outthe minimizationconditionsandsimpli cation,
theresultmaybe expresseclegantly in termsof two coupled
equationdor ( ) and .

Thesearethegeneralized.agrangemultiplier associateavith
thephaseandLagrangemultiplier associatedavith the
spacelile constraintrespectrely, whenthe rst N coefcients
areheld x ed.

Knowing thenormalizatiomandr andgiving aninputfor |
yieldsthe equationof anellipsefor c; d asbefore
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X 1 72

()= Cn SIN(N () NI ()z" +
7 =0
17 o glsN+12)( 9 ()+ (9],
2 Sin[—
EZ 1 Z?

d° (9 z°) () (‘3d°+JZN+l ()
sinfN+1) ()] zsinN ()]

1+ z2 2zcos()

()=
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X 1 72

()= Cn SIN(N () NI ()z" +
7 =0
17 o glsN+12)( 9 ()+ (9],
2 Sin[—
EZ 1 Z?

d° (9 z°) () (‘3d°+JZN+l ()
sinfN+1) ()] zsinN ()]

()= 1+ z2 2zcos()
7
2 XN N+t £
= e 3 to— d°(9 (9

n=0
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Caprini'sresultis recoreredwhenthe spacelile constraints
droppedandour spacelile resultis recoreredwhenthe
timelike constraints dropped.
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Caprini'sresultis recoreredwhenthe spacelile constraints
droppedandour spacelile resultis recoreredwhenthe
timelike constraints dropped.

Theexpressiorfor theboundreads:

X UK X
&= d ()sinh  ( )I+ (I ChZ")
n=0 n=0 n=0
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Caprini'sresultis recoreredwhenthe spacelile constraints
droppedandour spacelile resultis recoreredwhenthe
timelike constraints dropped.

Theexpressiorfor theboundreads:

X UK X

G+ — d ()snn ( )+ ChZ")
n=0 n=0 n=0
Thestriking featureof this resultis asthoughthe contrikution
of thetimelike resultis independentf the spacelile resultand
viceversa However, eachhasthe knowledgeof theotheras

outlinedearlier
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Model for phasea la Caprini

H(t) = arctan

(t)
m2
m = 7//0MeV; = 150MeV

andalsoRoy equationts for 2 choicesof (a3; a3)
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Model for phasea la Caprini

H(t) = arctan -,

m = /7/0MeV; = 150MeV

(t)
t

andalsoRoy equationts for 2 choicesof (a3; a3)

We alsousetwo differentparametrizationfrom the ALEPH
collaboration:Kuhn-Santamari@kS) andGounaris-Sakurai
(KS) parametrizationfor thevectorform factor [ALEPH: R.
Barateetal., Zeit. Phys. C76(1997)15.] KS andGSare
parametrizationfor the form factorsthatwire in  andtwo
nigherresonanceasinga Breit-Wignerform. GS
parametrizatioms tailoredto reproducegoodanalytic
properties Detailsin our paperandreferencesherein.
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We bagin by shawving how puretimelike constraintshrinksthe
ellipse.
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We bagin by shawving how puretimelike constraintshrinksthe
ellipse.

We thenshaw the effect of includinga spacelile constraintand
timelike constraint.Note: The newregionis signi®cantly
smaller than the mere intersection of spacelike and timelik e
constraintstaken separately

We shav thein uence of changinghetimelike
parametrizationThe effectis minimal.

We shav thein uence of takingspacelile parametrizatiorat
two differentvaluesof jtj. As in thepurespacelile casethe
onewith smallerjtj providesmorestringentconstraints.

Providesa consisteng checkon chiral perturbatiortheory
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— Censyains from FO) = 1 and IC]r'
— timelike phase
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1 l 1

time-like phase
— time-like phase + 1 space-li
o 1 space-like
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Tadevoysan
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Tadevoysan

I
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Tadevoysan Amendolia

I I N '20
8 10 12
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We have built thetoolsrequiredto includespacelile andphase
of timelike constraintsOur generakesultshave beenchecled

acainstthespeci c resultsfor N = 2 givenby Bourreley and
Caprini.
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We have built thetoolsrequiredto includespacelile andphase
of timelike constraintsOur generakesultshave beenchecled
acainstthespeci c resultsfor N = 2 givenby Bourreley and
Caprini.

We have useda variety of inputsfor bothspacelile and
timelike constraints.

Shawvn thatthe effectis oneof providing signi cant constraints
onc, whichnarravedisdownto [2GeV *;6GeV *;
accomodatethechptvalueof 449 0:28GeV *.

Therangefor d is alsosigni cantly narraveddown to
[ 14GeV °;56GeV °. If cis con nedto its chptvalue,then
d 20 30GeV °.
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Caprinihasananalysighatusesbothtimelike phaseand
modulusnot basedn aneffective Lagrangaechnique Our
resultsarein essentiabgreementvith hers,but give a more
stringentrestrictionon c.
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Caprinihasananalysighatusesbothtimelike phaseand
modulusnot basedn aneffective Lagrangaechnique Our
resultsarein essentiabgreementvith hers,but give a more
stringentrestrictionon c.

Effective Lagrangaechniquahataccountdor timelike phase
andmodulusandspacelile datashouldbe developedbasedn
NuclearPhysicsB paperof SinghandRaina[not donehere].
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